Module Categories with Infinite Radical Cube Zero  by Coelho, Flávio U. et al.
 .JOURNAL OF ALGEBRA 183, 1]23 1996
ARTICLE NO. 0204
Module Categories with Infinite Radical Cube Zero
Flavio U. Coelho,* Eduardo N. Marcos,² and Hector A. Merklen³Â Â
Departamento de Matematica}IME, Uni¨ ersidade de Sao Paulo, CP 66281,Â Ä
Sao Paulo, SP, 05389-970, BrazilÄ
and
Andrzej Skowronski§Â
Institute of Mathematics, Nicholas Copernicus Uni¨ ersity, Chopina 12r18, Torun,Â
Poland
Communicated by Kent R. Fuller
Received May 2, 1994
Let A be an artin algebra and let mod A denote the category of finitely
 .generated right A-modules. We denote by rad mod A the ideal in mod A gener-
ated by all non-invertible morphisms between indecomposable modules in mod A.
` .The infinite radical rad mod A of mod A is the intersection of all powers
i .  .rad mod A , i G 1, of rad mod A . It is known that A is representation-finite if
 ` ..2and only if rad mod A s 0. In this paper we study the representation-infinite
 ` ..3algebras A such that rad mod A s 0. Examples of such algebras include all
representation-infinite tilted algebras of Euclidean type. Q 1996 Academic Press, Inc.
Let A be an artin algebra over a commutative artin ring R. We denote
by mod A the category of finitely generated right A-modules and by
 .rad mod A the Jacobson radical of mod A, that is, the ideal in mod A
generated by all non-invertible morphisms between indecomposable mod-
` .ules in mod A. The infinite radical rad mod A of mod A is the intersec-
i .  .tion of all powers rad mod A , i G 1, of rad mod A .
` .The study of rad mod A has had some importance in describing the
category mod A. We are particularly interested in studying the algebras A
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COELHO ET AL.2
` .whose categories mod A have rad mod A nilpotent. It is known that if A
is a finite dimensional algebra over an algebraically closed field such that
` .rad mod A is nilpotent, then A is tame. The converse is far from being
w xtrue, and we refer to 18 for an example of a domestic algebra whose
module category does not have its infinite radical nilpotent. Recall that an
algebra A is domestic provided there is a positive integer m such that the
indecomposable A-modules occur, in each dimension d, in a finite number
of discrete and at most m one-parameter families. However, for any tilted
algebra over an algebraically closed field, tameness, domesticity, and the
nilpotency of the infinite radical of its module category are equivalent. It
` .has been conjectured that if A is such that rad mod A is nilpotent, then
w xA is domestic. In 18 , Kerner and the last named author have shown that
if A is a selfinjective finite dimensional algebra over an algebraically
closed field and admits a simply connected Galois covering, then
` .rad mod A is nilpotent if and only if A is domestic. Also, if A is a
strongly simply connected finite dimensional algebra over an algebraically
` . closed field, then rad mod A is nilpotent if and only if A is domestic see
w x.29 . We shall show here that if A is an algebra over an algebraically
 ` ..3  .closed field with rad mod A s 0, then A is domestic Corollary 5.8 .
It is known that an artin algebra A is representation-finite if and only if
` .  ` ..2  w x.rad mod A s 0, if and only if rad mod A s 0 see 10, 18, 26 . We
shall concentrate our attention on arbitrary representation-infinite artin
 ` ..3algebras A with rad mod A s 0. One of our main results is the
following. An artin algebra A is tame concealed if and only if
 ` ..3rad mod A s 0 and the Auslander]Reiten quiver of A contains a
faithful regular component. Therefore, in particular, if one starts with any
 ` ..3representation-infinite artin algebra A such that rad mod A s 0 and
G has a regular component, the above result yields a tame concealedA
factor algebra of A. We then study how the Auslander]Reiten compo-
nents of such a tame concealed factor algebra of A embed into the
 .Auslander]Reiten quiver of A Section 4 . Moreover, we show that there
 .are only finitely many tame concealed factors of A Theorem 5.5 .
We now describe the contents of this paper. Section 1 is devoted to the
preliminaries, and we shall quickly discuss some examples of representa-
 ` ..3tion-infinite artin algebras A with rad mod A s 0. In Section 2 we
study the structure of the Auslander]Reiten quiver G of such an algebraA
 .A and show that: 1 the regular components of G form a family ofA
 .pairwise orthogonal generalized standard stable tubes; and 2 at most
finitely many of the t -orbits of G are non-periodic. Section 3 containsA A
the proof of some of the above-stated results. Finally, in the last two
 ` ..3sections we study algebras A satisfying rad mod A s 0 by looking at
those factor algebras B of A which are tame concealed.
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 ` ..3The study of the algebras A with rad mod A s 0 and such that all
w xthe components of G are semiregular is the subject of another paper 11 .A
1. PRELIMINARIES
1.1. Let A be an artin algebra over a commutative artin ring R; that is,
A is an R-algebra which is finitely generated as an R-module. By an
A-module is meant a finitely generated right A-module. We shall denote
 .by mod A the category of all finitely generated A-modules, and by ind A
the full subcategory of mod A with one representative of each isomor-
 .phism class of indecomposable A-modules. Then rad mod A denotes the
Jacobson radical of mod A, that is, the ideal in mod A generated by all
non-invertible morphisms between indecomposable modules in mod A.
` .The infinite radical rad mod A of mod A is defined to be the intersec-
i .  .tion of all powers rad mod A , i G 1, of rad mod A . We denote by D the
op .standard duality Hom ], I : mod A ª mod A , where I is the injectiveR
envelope of Rrrad R in mod R. We say that a property holds for almost
all indecomposable modules if it holds for, up to isomorphism, all but
finitely many of them. Unless otherwise stated all algebras are assumed to
be basic and connected.
1.2. We shall denote by G the Auslander]Reiten quiver of A, and byA
t s DTr and ty1 s TrD the Auslander]Reiten translations in G . WeA A A
shall now agree to identify the vertices of G with the correspondingA
A-modules in ind A. By a component of G we mean a connectedA
component of G . We observe that a morphism between indecomposableA
` .modules lying in different components of G belongs to rad mod A . WeA
shall use this fact throughout this paper.
Let C be a component of G . Then C is said to be regular if C containsA
neither a projective module nor an injective module, and semi-regular if C
does not contain both a projective and an injective module. A component
` .C is said to be generalized standard if rad X, Y s 0 for all modules X
w x and Y in C 28 . Observe that a postprojective component respectively, a
. ` .preinjective component C is generalized standard because rad ], X s 0
 ` . . respectively, rad X, ] s 0 for all X g C. We shall use here the term
.postprojective instead of preprojective: we believe it is more suggestive.
Finally, C is said to be faithful if the intersection ann C of the annihilators
ann X of all modules X in C is zero. We shall denote by C the left stablel
part of C obtained from C by deleting the t -orbits of projective modules,A
by C the right stable part of C obtained from C by deleting the t -orbitsr A
of injective modules, and by C the stable part of C obtained from C bys
deleting the t -orbits of both the projective and the injective modules.A
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1.3. Let H be a hereditary algebra. It is known that, in this case, we can
assume that R is a field so that H is a finite dimensional algebra over R.
 .Further, there exists a bilinear form on the Grothendieck group K H of0
H given by
 : 1M , N s dim Hom M , N y dim Ext M , N .  .R H R H
 .which induces a quadratic form q on K H m Q. It is well-known thatH 0 Z
H is representation-finite if and only if q is positive definite. The algebraH
H is said to be of tame type if it is not representation-finite and q isH
positive semidefinite. For the basic representation theory of hereditary
w xalgebras we refer the reader, for instance, to 13]15, 24 . Now let H be a
representation-infinite hereditary algebra and let n denote the rank of
 .K H . Let T be a multiplicity-free postprojective tilting H-module, that0
1  . ` . is, Ext T , T s 0, rad ], T s 0 which, in this case, is equivalent to TH
.being postprojective , and T is a direct sum of n pairwise non-isomorphic
 .indecomposable H-modules. The algebra B s End T is called a con-H
cealed algebra. If H is tame hereditary, then B is called tame concealed,
and otherwise wild concealed. It is known that the representation theories
of B and H are very close to each other. Let B be a concealed algebra
 .which does not exclude the possibility of B being hereditary . Then GB
has a postprojective component P containing all projectives and a prein-
jective component I containing all injectives. If B is tame concealed, then
the regular components form an infinite family of pairwise orthogonal
generalized standard stable tubes T , r g V, and all but finitely many ofr
them have rank 1. Moreover, since the family T , r g V, separates Pr
from I, all tubes T are faithful, and every map from a module in P to ar
 ` ..2module in I belongs to rad mod B . On the other hand, if B is wild
 w x.concealed then the regular components are of the form ZA see 23 . By`
w x25 , components of the form ZA are not generalized standard.`
For unexplained notions in representation theory of artin algebras, we
w xrefer the reader to 7, 24 .
1.4. We shall finish this section by discussing some examples. The next
result gives a criterion for a tilted algebra B to satisfy the condition
 ` ..3 w xrad mod B s 0. We refer the reader to 11 for a proof.
PROPOSITION. Let H be a connected representation-infinite hereditary
artin algebra, let T be a tilting H-module without preinjecti¨ e direct summands
 .or without postprojecti¨ e direct summands, and let B s End T . ThenH
 ` ..3rad mod B s 0 if and only if H is of Euclidean type.
 . 1.5. Using 1.4 , one can characterise the glued algebras A as defined in
w x.  ` ..31 which satisfy rad mod A s 0. Namely, let A be a representation-
infinite finite dimensional algebra over an algebraically closed field. If A
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is a left glueing of B , . . . , B by the non-zero algebra C, and if there is no1 t
projective module which is a proper successor of the right extremal
 ` ..3subsection S then rad mod A s 0 if and only if S is a disjoint union
of Euclidean graphs. Dual statement can be done for right glued algebras.
w xWe refer the reader to 1 for the definitions and details on this class of
algebras.
1.6. In the representation theory of tame simply connected algebras over
an algebraically closed field an important role is played by coil enlarge-
 w x. wments of tame concealed algebras see 26 , introduced and studied in 2,
x3, 6 , to which we refer the reader for details. The next result gives a
characterisation of coil enlargements B of concealed algebras which
 ` ..3satisfies rad mod B s 0.
PROPOSITION. Let B be a coil enlargement of a tame concealed algebra C.
Then the following conditions are equi¨ alent:
 .  ` ..3a rad mod B s 0;
 . ` .b rad mod B is nilpotent;
 .c B is domestic;
w  .xProof. We know from 18, 1.7 that if B is wild or tubular in the sense
w  .x ` .of 18, 5.1 , then rad mod B is not nilpotent. Then the result is a direct
w  .  .xconsequence of 6, 4.1 or 4.2 .
2. COMPONENTS OF THE AUSLANDER]REITEN
QUIVER
 ` ..32.1. Let A be an artin algebra such that rad mod A s 0. We
shall prove in this section two results concerning the structure of the
Auslander]Reiten quiver G of A. The first result describes the family ofA
regular components of G , while the second shows that all but finitelyA
many t -orbits in G are periodic, or, in other words, that G is aA A A
 w x.quasi-periodic translation qui¨ er see 8 .
 ` ..3THEOREM. Let A be an artin algebra with rad mod A s 0. Let G ,i
i g I, denote the family of all regular components of G . Then G , i g I, areA i
pairwise orthogonal generalized standard stable tubes, and all but finitely many
of them ha¨e rank 1.
` .Proof. We first show that rad X, Y s 0 for all X and Y belonging to
regular components. Suppose this is not true and let f : X ª Y be a
` .non-zero morphism in rad X, Y , where X and Y belong to regular
 .components. Consider now the projective cover p : P X ª X of X andA
 .the injective envelope i: Y ª I Y of Y. Observe that since X and YA
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` .belong to regular components we have that p and i are in rad mod A
 .  ` ..31.2 . Therefore i fp is a non-zero morphism in rad mod A , which
contradicts our hypothesis. Hence G , i g I, are pairwise orthogonal gener-i
alized standard components.
Claim. Every regular component of G contains oriented cycles.A
Suppose G is a regular component of G without oriented cycles. Then,A
w xby 30 , G is of the form ZD, where D is a valued quiver without oriented
 .cycles. Since G is generalized standard, we have that Hom X, t Y s 0A A
w  .xfor all X and Y in D and hence, by 25, 2.2 , D is finite. Moreover,
w  .xaccording to 28, 3.3 it follows that B s Arann G is a tilted algebra
given by a regular tilting module and G is a connecting component of G .B
Let M be the sum of all modules in D. Observe that, since G contains aB
complete slice in a regular component, each component of G is semiregu-B
lar. It follows from tilting theory that G contains either a stable tube or aB
 .semiregular component whose stable part contains a component of the
w xform Z A 20 . Suppose first that G contains a stable tube T and let Z be` B
in T. Then Z is either cogenerated or generated by M. Suppose we have
 .the former the other situation is dual . Consider the projective cover p :
 . rP Z ª Z of Z, the embedding ¨ : Z ª M of Z into some power of MB
r  r . rand the injective envelope i: M ª I M of M . It follows that theA
 ` ..3composition i¨p is a non-zero morphism in rad mod A , a contradic-
tion. Suppose now that G has a semiregular component without injectiveB
modules G9, whose stable part contains a component of the form Z A . It`
is known that there exists a sectional path X ª ??? ª Y in G9 such that
 . w  .xHom X, t Y / 0 25, 2.2 , and it can be chosen in such a way thatB B
there is no projective module which is a predecessor of X or Y in G9.
` .Hence rad X, t Y contains a non-zero morphism f , because there areB
 .no oriented cycles containing X. Consider the projective cover p : P XB
 .ª X of X and the injective envelope i: t Y ª I t Y of t Y. Since theB B B B
 ` ..3composite i fp is non-zero and belongs to rad mod B , which contra-
dicts our hypothesis, the claim is proven.
w xBy 16, 19 , a regular component with oriented cycles is a stable tube and
so, for each i g I, G is a stable tube. Let now rk G denote the rank of thei i
w  .xtube G . According to 28, 5.10 , we have the inequalityi
rk G y 1 F n y 1, . i
igI
where n is the rank of the Grothendieck group of A. Therefore almost all
of the stable tubes G , i g I, have rank 1. This finishes the proof ofi
Theorem 2.1.
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2.2. In order to prove that G is quasi-periodic, we shall need theA
following general result.
PROPOSITION. Let A be an arbitrary artin algebra and G be a connected
stable translation subqui¨ er of G of the form ZD, where D is an infiniteA
locally finite qui¨ er without oriented cycles. Let M be an indecomposable
module in G. Then
 .a there exists an infinite sequence of morphisms
f f gr 1
??? ª M ª M ª ??? ª M ª M ª M s Mrq1 r 2 1 0
where for each i, M g G, f is an epimorphism and gf ??? f is a compositei i 1 i
of morphisms in a sectional path through M , . . . , M .iq1 0
 .b there exists an infinite sequence of morphisms
f X f Xg 9 1 rX X XM s M ª M ª M ª ??? ª M ª M ª ???0 1 2 r rq1
where for each i, M X g G, f X is a monomorphism and f X ??? f X g 9 is ai i i 1
composite of morphisms in a sectional path through M X , . . . , M X .0 iq1
 .  .Proof. We shall only prove a , since the proof of b is dual.
 .a Let G and M be as above. Consider first the set P of all paths
N ª ??? ª N ª N s Mk 1 0
in G ending at M and such that ty1N is not a predecessor of M in G.A k
Observe that if N ª ??? ª N ª N s M is a path from P, then Gk 1 0
has no paths from ty1N to N , where 0 F i, j F k.A i j
Indeed, if
ty1N s V ª V ª ??? ª V s NA i 0 1 p j
is a path in G, then G admits a path
ty1N ª ty1N ª ??? ª ty1N s V ª ??? ª V s N ª ??? ª N ,A k A ky1 A i 0 p j 0
which is a contradiction.
Further, since G is of the form ZD, with D infinite, P admits paths of
arbitrarily large length. Moreover, all paths from P are sectional. Indeed,
if N ª ??? ª N s M is a path in P which is not sectional, then there isl 0
an i, 2 F i F l, such that ty1M s M and so a predecessor of M,A i iy2
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contradicting our hypothesis on P. Since G is locally finite, by Konig'sÈ
Lemma, there exists an infinite sectional path
??? ª L ª L ª ??? ª L ª L s Mr ry1 1 0
such that, for each i G 1, the path
L ª ??? ª L ª L s Mi 1 0
belongs to P. Consider now
 4M s L : i g Ni
 4j X g G : ' a path L ª ??? ª X ª ??? ª L in G , for some r , s .r s
Now let
L s U ª U ª ??? ª U s L ) .r 0 1 t s
 .be a path in G. Clearly, U g M for all i. Observe also that ) is sectional.i
In fact, if it were not so, then ty1U s U for some 0 F l F t y 2, andA l lq2
hence
ty1L s ty1U ª ty1U ª ??? ª ty1U ª U ª ??? ª U s LA r A 0 A 1 A l lq3 t s
is a path from ty1L to L , which contradicts the above claim. Therefore itA r s
follows that each path between modules in M is sectional.
We now define inductively a sequence of modules M and subsets M ofi i
M. Let first M s M. Let M be a module in M of minimal length and0 1 0
 4M s X g M : there is a path from X to M .1 1
Suppose now that M and M are defined for all i - j. We take M to be ai i j
 4module in M _ M of minimal length andjy1 jy1
M s X g M : there is a path from X to M . 4j j
Observe that, if X and Y belong to M for some j, then any path from Xj
to Y is sectional. Fix a j G 1 and consider a morphism h: M ª Mj jy1
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which is a composite of irreducible morphisms given by a path in G. We
will show that h is an epimorphism. Suppose this is not true. Then there
are an epimorphism
a s t a , . . . , a : M ª Y [ ??? [ Y .1 r j 1 r
 .and a proper monomorphism
b s b , . . . , b : Y [ ??? [ Y ª M .1 r 1 r jy1
such that Y g ind A andi
r
h s b a . i i
is1
 .Since b is a proper monomorphism, then for all i s 1, . . . , t, l Y -i
 .l M , and hence Y f M . We shall show now that for each i either ajy1 i jy1 i
` .or b belongs to rad mod A . If this is not the case, then for some t, therei
exists a path
M ª ??? ª Y ª ??? ª Mj t jy1
with Y f M , which is a contradiction. Therefore, for each i, the mor-t jy1
` .phism b a belongs to rad M , M and so h s  b a gi i j jy 1 i i
` .rad M , M . The contradiction comes from the fact that h is a compos-j jy1
w xite of irreducible morphisms from a sectional path and hence by 17 , it
` .does not belong to rad mod A . Therefore the morphisms f : M ª Mi iq1 i
can now be chosen, for each i, to be any composite of irreducible
morphisms in a sectional path from M to M . This finishes the proof.iq1 i
 ` ..32.3. THEOREM. Let A be an artin algebra such that rad mod A s 0.
Then almost all t -orbits in G are periodic.A A
  ..Proof. Since all t -orbits in a regular component are periodic by 2.1A
and since almost all components are regular, it suffices to prove that any
non-regular component is quasi-periodic, that is, almost all of its t -orbitsA
are periodic.
Let G be a non-regular component of G and suppose it is not quasi-A
periodic. Then, by duality, we can also assume that there exists a con-
nected component G9 of the right stable part of G with infinitely many
w xnon-periodic t -orbits. It follows from 21 that G9 is a subquiver of ZD9,A
closed under successors, where D9 is an infinite locally finite quiver
 .without oriented cycles. Then G9 has a stable subquiver of the form ZD,
where D is an infinite locally finite quiver without oriented cycles. Let M
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be a module in ZD such that t M is not a predecessor of an injectiveA
 .module in G. By 2.2 there exists an infinite sequence of morphisms
f f gr 1
??? ª M ª M ª ??? ª M ª M ª M s M , ) .rq1 r 2 1 0
where for each i, M g G, f is an epimorphism and gf ??? f is ai i 1 i
composite of morphisms in a sectional path through M , . . . , M . Since1 iy1
 .the path ) is infinite and consists of pairwise non-isomorphic modules
 w x. w xby 9 , it follows from 25, Lemma 2 that for some i and j there is a
` .non-zero morphism f : M ª t M , which is in fact in rad mod A be-i A j
cause G9 has no oriented cycles and M is not a predecessor of an injective
module in G. Observe that any morphism from a projective to a module Ml
` .is in rad mod A because it factors through all M , k G l. In particular,k
 .consider the projective cover p : P M ª M of M . Consider also theA i i i
 .injective envelope i: t M ª I t M of t M , which is also inA j A A j A j
` .rad mod A because t M is not a predecessor of an injective module inA j
G. Now, the composite i fp is a non-zero morphism and belongs to
` 3  ..rad mod A s 0, in contradiction to the hypothesis.
 ` ..32.4. COROLLARY. Let A be an artin algebra such that rad mod A s 0.
Then, for each d G 1, almost all indecomposable A-modules of length d are
t -in¨ariant.A
Proof. It follows from Theorem 2.3 that all components of G areA
quasi-periodic. Fix now a positive integer d. It is known that a quasi-peri-
odic component has at most finitely many indecomposable modules of
w  .x w  .x.length d 8, 5.5 and 28, 2.6 . Since there are at most finitely many
components of G which are not stable tubes of rank one, we infer thatA
almost all indecomposable modules of length d belong to stable tubes of
 .rank 1 that is, homogeneous tubes ; hence the result.
3. MINIMAL REPRESENTATION-INFINITE ALGEBRAS
3.1. Our main aim in this section is to show that an artin algebra A is
 ` ..3tame concealed if and only if rad mod A s 0 and G contains aA
faithful regular component. In order to do so we shall first establish a
lemma. We recall the following characterisation of concealed algebras
w  .x w  .xproven independently in 1, 3.4 and 27, 3.3 .
PROPOSITION. The following are equi¨ alent for a representation-infinite
artin algebra A:
 .a A is concealed;
 .b pdX s 1 and idX s 1 for almost all modules X in ind A;
 . ` . ` .c rad ], A s 0 and rad DA, ] s 0.
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3.2. LEMMA. A representation-infinite artin algebra A is tame concealed if
` . ` .  ` ..3and only if rad ], A s 0, rad DA, ] s 0 and rad mod A s 0.
Proof. Since the necessity is clear, we shall prove the sufficiency.
 . ` .  . ` .Suppose that A is such that i rad ], A s 0, ii rad DA, ] s 0, and
 .  ` ..3  .  .iii rad mod A s 0. Conditions i and ii imply that A is concealed
 .by 3.1 . Now, if A is a wild concealed algebra then it contains a
 .  .component of the form ZA 1.3 , which contradicts 2.1 .`
3.3. We can now establish our main result of this section.
THEOREM. Let A be an artin algebra. Then A is tame concealed if and
 ` ..3only if rad mod A s 0 and there exists a faithful regular component.
Proof. Since the necessity is clear, we shall only prove the sufficiency.
 ` ..3Suppose that A is such that rad mod A s 0 and there exists a faithful
regular component. Then there exists a faithful module Z, whose indecom-
` .posable summands lie in a regular component C. If now rad ], A / 0,
` .then there exists a non-zero morphism f g rad P, Q for some indecom-
posable projective modules P and Q. Since Z is faithful, there exists a
r ` .monomorphism ¨ : Q ª Z which belongs to rad mod A because Q does
r  r .not belong to C. Consider now the injective envelope i: Z ª I Z ofA
r ` .Z , which is also in rad mod A . The contradiction comes from the fact
 ` ..3 ` .that ¨ip is a non-zero morphism in rad mod A and so rad ], A s 0.
` .  .Dually, one can show that rad DA, ] s 0. It follows now from 3.2 that
A is a tame concealed algebra.
3.4. An algebra A is said to be minimal representation-infinite if A is
representation-infinite but any factor algebra ArI, where I is a non-zero
ideal of A, is representation-finite.
COROLLARY. Let A be a connected finite dimensional algebra o¨er an
algebraically closed field. Then A is tame concealed if and only if A is minimal
 ` ..3representation-infinite and rad mod A s 0.
Proof. The necessity is well-known. Assume now that A is minimal
 ` ..3representation-infinite and rad mod A s 0. The second assumption
 w  .x. w .ximplies see 18, 1.7 that A is tame, and then by 12, Corollary F , GA
admits a stable tube T. Clearly, T is faithful because A is minimal
 .representation-infinite. Therefore, by 3.3 , A is tame concealed.
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 .EXAMPLES. 1 Let A be the radical square zero algebra over a field
k given by the following quiver
a 6
6? ?
6
 ` ..3Then rad mod A s 0 and ArAeA is representation-finite for every
non-zero idempotent e g A. However, A is not minimal representation-
infinite because if I is generated by the arrow a , then ArI is still
representation-infinite.
 . w x  .22 Let k be a field and let A s k x, y r x, y . It is known that A
 ` ..4  ` ..5is minimal representation-infinite, rad mod A / 0 and rad mod A
s 0.
4. EMBEDDINGS OF TAME CONCEALED ALGEBRAS
 ` ..34.1. Let A be an artin algebra with rad mod A s 0. We know from
Theorem 3.3 that, for any regular component C in G , the factor algebraA
Arann C is tame concealed. In this section we shall study A by looking at
those factor algebras of A which are tame concealed. Also, in the next
section, we shall prove that for such an algebra A there are only finitely
many ideals I such that ArI is tame concealed.
We are particularly interested in the problem of determining which
parts of the Auslander]Reiten quiver of a tame concealed factor algebra
of A remain a full translation subquiver in G . We point out first thatA
 ` ..3the shapes of nonregular components of A with rad mod A s 0 can
be complicated. For instance, they can be glueings of coils by directed
 .parts multicoils which include the Auslander]Reiten quivers of many
w xrepresentation-finite algebras. We borrow the next example from 3 .
EXAMPLE. Let A be the bound quiver algebra kQrI over an alge-
braically closed field k given by the quiver Q of the form
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and the ideal I in kQ generated by the elements s g , b a , 1 F i F m,i i i i
 ` ..3and e r , 1 F i F m y 1. Then it is easy to see that rad mod A s 0i i
and G consists of postprojective components, preinjective components,A
tubes, and components of the form
where we identify along the vertical dotted lines.
Clearly, the path algebras H s kD , 1 F i F m, given by the subquiversi i
are factor algebras of A. Moreover, each of the above glued tubes contains
one stable tube of rank 1 of G and one stable tube of rank 1 of G , forH Hi iq1
some 1 F i F m y 1.
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w xFurther examples can be found in 3, 6 .
4.2. Let B be a tame concealed factor algebra of A. We shall show first
how some components of G are embedded in G . We start by provingB A
some lemmata.
 ` ..3LEMMA. Let A be an artin algebra with rad mod A s 0. Assume
that B is a tame concealed factor algebra of A and f : M ª N is a map in
` .ind B which does not belong to rad mod B . Then f does not belong to
` .rad mod A .
Proof. Observe first that M and N belong to the same component, say
 .C , of G . Let p : P M ª M be the projective cover of M and i:B B
 .M ª I M be the injective envelope in mod B. Then i fp / 0, becauseB
 ` ..2f / 0. Moreover, i g rad mod B if C is postprojective, p g
 ` ..2 ` .rad mod B if C is preinjective, and i, p g rad mod B if C is a
 ` ..3stable tube of G . Since rad mod A s 0, we conclude then that f doesB
` .not belong to rad mod A .
 ` ..3COROLLARY. Let A be an artin algebra with rad mod A s 0 and let
B be a tame concealed factor algebra of A. Then, for e¨ery component C in
G , all modules from C are contained in one component of G . In particular,B A
if an indecomposable B-module M lies on an oriented cycle in G , then it alsoB
lies on an oriented cycle in G .A
 ` ..34.3. LEMMA. Let A be an artin algebra with rad mod A s 0 and B
be a tame concealed factor algebra of A. Assume that T is a stable tube of GA
which contains a B-module. Then T consists entirely of B-modules.
Proof. We first observe that T contains infinitely many B-modules. In
fact, since T contains a B-module Y then, by Corollary 4.2, it also contains
the entire component C of G which contains Y, which is infinite. Let nowB
X be an arbitrary module in T. Since T is a stable tube, there are a path
X s X ª X ª ??? ª X s Y of irreducible monomorphisms and a path0 1 s
Z s Y ª Y ª ??? ª Y s Y of irreducible epimorphisms with Z ant ty1 0
indecomposable B-module. Then Y and hence also X are B-modules. This
proves our claim.
 ` ..34.4. LEMMA. Let A be an artin algebra with rad mod A s 0 and let
G be a left stable translation subqui¨ er of G containing no oriented cycles andA
closed under predecessors in G . Assume that B is a tame concealed factorA
algebra of A, and M is an indecomposable B-module lying in G. Then M is a
preinjecti¨ e B-module.
Proof. Observe that M does not belong to stable tubes of G . Indeed, ifB
M lies in a stable tube, then it would lie on an oriented cycle in G , andB
 .consequently, by 4.2 , M lies also on an oriented cycle in G . But this isA
impossible because M is in G. Suppose now that M is a postprojective
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 .B-module. Let p : P M ª M be the projective cover of M in mod AA
 .and i: M ª I M be the injective envelope of M in mod B. Since M is aB
 ` ..2postprojective B-module, i belongs to rad mod B , and hence also to
 ` ..2 ` .rad mod A . Moreover, p belongs to rad mod A , because G has no
projective modules and it is closed under predecessors in G . Therefore ipA
 ` ..3is non-zero and belongs to rad mod A , a contradiction. Hence M is
preinjective.
4.5. Dually, we have the following.
 ` ..3LEMMA. Let A be an artin algebra with rad mod A s 0 and let G be
a right stable translation subqui¨ er of G containing no oriented cycles andA
closed under successors in G . Assume that B is a tame concealed factorA
algebra of A, and M is an indecomposable B-module lying in G. Then M is a
postprojecti¨ e B-module.
 ` ..34.6. Let A be an artin algebra with rad mod A s 0 and let B be a
tame concealed factor algebra of A. We can now describe the components
of G containing the postprojective and preinjective B-modules.A
 ` ..3PROPOSITION. Let A be an artin algebra with rad mod A s 0 and let
B be a tame concealed factor algebra of A. Then
 .i There is a left stable connected full translation subqui¨ er C of GA
containing no oriented cycles and closed under predecessors in G such that allA
but finitely many indecomposable preinjecti¨ e B-modules lie in C.
 .ii There is a right stable connected full translation subqui¨ er D of GA
containing no oriented cycles and closed under successors in G such that allA
but finitely many indecomposable postprojecti¨ e B-modules lie in D.
 .  .Proof. We shall prove only i , since the proof of ii is dual. We know
from Lemma 4.2 that all indecomposable preinjective B-modules belong to
one component, say G, of G . From Theorem 2.3, G admits at most finitelyA
many non-periodic t -orbits. Further, by Lemma 4.5, we know also that, ifA
D is a right stable translation subquiver of G containing no orientedA
cycles and closed under successors in G , then D does not containA
preinjective B-modules. Observe that there is at most one left stable full
translation connected subquiver C of G without oriented cycles and
closed under predecessors in G containing infinitely many indecomposable
preinjective B-modules. Indeed, suppose that there are two such subquiv-
ers, say C and C 9, in G. Then there are indecomposable preinjective
B-modules X in C and X 9 in C 9 such that there is a path from X to X 9
in G . But then, by Lemma 4.2, there is a path from X to X 9 in G , aB A
contradiction because C 9 is closed under predecessors in G .A
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Suppose now that, for every left stable connected full translation sub-
quiver C of G without oriented cycles and closed under predecessors, CA
does not contain infinitely many indecomposable preinjective B-modules.
Then, by the above remarks, we infer that either the left stable part G orl
the right stable part G of G admits an infinite connected component, sayr
V, with oriented cycles and containing infinitely many indecomposable
preinjective B-modules. Without loss of generality we may assume that V
w x w xis a component of G . By 16 and 21 we know that V is either a stablel
tube or there is an infinite sectional path
??? ª t 2 tX ª t t X ª ??? ª t t X ª t t X ª X ª ??? ª X ª XA 1 A s A 2 A 1 s 2 1
 4in V with t ) s such that X , . . . , X is a complete set of representatives1 s
of t -orbits in V. In both cases, since V has infinitely many preinjectiveA
B-modules, there are two sectional paths
M s U ª U ª ??? ª U s N0 1 p
and
N s V ª V ª ??? ª V s M0 1 q
in V such that M is an indecomposable preinjective B-module and, for
any 1 F j F q, there is an infinite sectional path
??? ª Z j ª Z j ª Z j s V2 1 0 j
in V with Z j / V . Now choose irreducible morphisms f : U ª U ,1 jy1 i iy1 i
w x1 F i F p, and g : V ª V , 1 F j F q. We know from 17 that f ??? fj jy1 j p 1
p . pq1 . w  .xg rad M, N _ rad M, N . Moreover, by 19, 1.6 , the maps g ,j
1 F j F q, are of infinite left degree. Therefore g ??? g f ??? f gq 1 p 1
pqq . pqqq1 .  .rad M, M _ rad M, M . In particular, we get that rad M, M
 .  ./ 0. On the other hand, End M s End M is a division ring, becauseA B
M is an indecomposable preinjective B-module. Hence we get a contradic-
 .tion. This finishes our proof of i .
 ` ..34.7. Let A be an artin algebra with rad mod A s 0 and let B be a
 .tame concealed factor algebra of A. By 2.1 , every regular component of
G is a stable tube. Also, we know from Corollary 4.2 that every compo-A
nent of G is embedded into a component of G . The next result showsB A
that, in fact, these two components coincide in almost all instances.
 ` ..3PROPOSITION. Let A be an artin algebra with rad mod A s 0 and let
B be a tame concealed factor algebra of A. Then all but finitely many stable
tubes of G are full components of G .B A
 .Proof. By our previous remarks and 4.3 , it is enough to show that
every non-regular component of G contains at most finitely many stableA
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tubes of G . Suppose that there is a component C in G containingB A
infinitely many stable tubes, say T , T , T , . . . , of G . Observe that C has1 2 3 B
no sectional path
X s Z ª Z ª ??? ª Z s Y0 1 r
with X g T , Y g T , and i / j. Indeed, if this is the case, and f : Z ª Z ,i j i iy1 i
w x1 F i F r, are irreducible morphisms, then, by 17 , f ??? f is non-zero,r 1
 .  .and hence Hom X, Y s Hom X, Y / 0. However, this contradictsB A
the fact that different tubes in G are orthogonal. Hence, if G is a stableB
tube in the stable part C of C , then G admits modules from at mosts
 .finitely many tubes T . We know, by 2.3 , that all but finitely manyi
w xt -orbits in C are periodic. Further, by 16 , if G9 is an infinite componentA
of C containing a periodic module, then G9 is a stable tube. Therefore wes
conclude that there is a non-periodic t -orbit O in C containing modulesA
from infinitely many tubes T . We may assume that there is a module Xi
 t 4in O such that t X, t G 0 contains modules from infinitely many tubesA
T , and that the connected component, say D, of C containing X is non-i l
trivial. Observe that D contains oriented cycles. Indeed, if this is not the
case, then there is a connected full translation quiver E of D which is
closed under predecessors in G and contains an indecomposable moduleA
from a stable tube of G , a contradiction to Corollary 4.2. Therefore DB
w xhas oriented cycles. Since D is infinite and not a stable tube, by 21 , there
is an infinite sectional path
??? ª t 2 tX ª t t X ª ??? ª t t X ª t t X ª X ª ??? ª X ª XA 1 A s A 2 A 1 s 2 1
 4in D with t ) s and X , . . . , X is a complete set of representatives of1 s
t -orbits in C. But then there is a sectional pathA
t t1 X ª ??? ª t t2 XA A
in D with t t1 X and t t2 X lying in different tubes of G , in contradiction toA A B
the fact proven above. This finishes our proof.
5. NUMBER OF IDEALS
5.1. Let A be an artin algebra. In order to study the complexity of A it
is interesting to look at the number of ideals I such that ArI is tame
concealed. The following example shows that they are not necessarily
finite.
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EXAMPLE. Let A be the wild hereditary algebra over an infinite field
given by the following quiver:
6
6
? ?
6
 .It is not difficult to see that there are infinitely many ideals a generated
 .by different linear combinations of arrows such that the quotients Ar a
are the Kronecker algebras, thus concealed.
The main purpose of this section is to show that for an artin algebra A
 ` ..3satisfying rad mod A s 0 the number of ideals I such that ArI is
tame concealed is finite. On the other hand, Example 4.1 shows that the
number of such ideals can be arbitrarily large.
5.2. We shall first prove the following general lemma.
LEMMA. Let A be an artin algebra and let I and J be two ideals in A such
that I ; J. Assume that ArI and ArJ are tame concealed algebras. Then
I s J.
Proof. Observe that ArJ is the quotient of ArI by JrI. Since ArI is
minimal representation-infinite and ArJ is representation-infinite, we get
that JrI s 0, and so I s J.
5.3. Our next immediate concern are the algebras with two simple
modules. We first observe that every concealed algebra B with two simples
is hereditary. Indeed, observe that one of the simple B-modules is projec-
tive and the other is injective. In order to prove our next result we shall
 w x.also need the following proposition see 22 .
PROPOSITION. Let A be a tame concealed algebra with two simple mod-
ules S and S . Then1 2
F MF GA s  /0 G
 .  .where F s End S and G s End S are di¨ ision algebras, and M isA 2 A 1 F G
an F]G-bimodule such that
dim M = dim M s 4. .  .F F G G F G
5.4. LEMMA. Let A be an artin algebra with two simple modules and
 ` ..3rad mod A s 0. Assume that I and J are ideals of A contained in rad A
and such that ArI and ArJ are tame concealed algebras. Then I s J.
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Proof. Suppose that I / J and put B s ArI, C s ArJ. Replacing, if
necessary, A by ArI l J we may assume, by Lemma 5.2 that I l J s 0.
Let S and S be two non-isomorphic simple A-modules. Since I and J1 2
are contained in rad A, we get that S and S are both B-modules and1 2
C-modules. We may assume that S is a simple projective B-module and1
S is a simple injective B-module. We claim then that S is also projective2 1
in mod C and S is also injective in mod C. Indeed, suppose that S is2 2
 .projective in mod C. Consider the projective cover f : P S ª S of S inB 2 2 2
 .mod B and the injective envelope g : S ª I S of S in mod C. Then2 C 2 2
 ` ..2  ` ..2f g rad mod B and g g rad mod C . Hence gf is a non-zero mor-
 ` ..4phism in mod A which belongs to rad mod A , a contradiction. This
proves our claim.
 .By 5.3 we know that B and C are of the form
F M X F MYF G F GB s C s /  /0 G 0 G
 .  . Xwhere F s End S and G s End S are division algebras, and M ,A 2 A 1 F G
MY are F]G-bimodules such thatF G
dim M X = dim M X s 4 and .  .F F G G F G
dim MY = dim MY s 4. .  .F F G G F G
Hence, since I l J s 0, we deduce that A is of the form
F MF GA s  /0 G
where M is an F]G-bimodule such thatF G
M X ( M rI and MY ( M rJ . .  .F G F G F G F G
 .  .Moreover, we have then the inequality dim M = dim M G 5,F F G G F G
and so A is a wild hereditary algebra. In particular, G admits a compo-A
nent of type ZA . But then, by Theorem 2.1, we have a contradiction with`
` 3  ..our assumption rad mod A s 0.
5.5. We shall now prove the main result of this section.
 ` ..3THEOREM. Let A be an artin algebra with rad mod A s 0. Then
there exist at most finitely many ideals I in A such that ArI is tame concealed.
Proof. Suppose there exists an infinite sequence of pairwise different
ideals I , I , I , . . . in A such that the algebras B s ArI , j G 1, are tame1 2 3 j j
concealed. Without loss of generality we may assume that I ; rad A forj
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any j G 1. We infer from Lemma 5.2 that I is not a subset of I and I isj l l
not a subset of I , for any j / l. Moreover, by Lemma 5.4, the rank n ofj
 .K A is at least 3. This implies that, for any i G 1, G admits a stable0 Biw x  .tube of rank at least two 24 . Further, we know from 4.2 that if T is a
stable tube of G then either T is a full component of G or all modulesB Ai
of T belong to one non-regular component of G .A
 .Let G be the family of all regular components of G . Then, byl lg V A
 .2.1 , G , l g V, are pairwise orthogonal generalized standard stable tubes.l
w  .xDenote by rk G the rank of the tube G . Then, by 28, 5.10 , we have thel l
following inequality:
rk G y 1 F n y 1 . l
lgV
Hence, since G admits only finitely many non-regular components,A
there exists a non-regular component C in G such that for infinitely manyA
i G 1 there exists a stable tube of rank greater than or equal to 2 in GBi
 .  .whose modules are all contained in C. We know from 4.4 and 4.5 that if
 .G9 is a left respectively, right stable translation subquiver of G contain-A
ing no oriented cycles and closed under predecessors respectively, succes-
.sors in G , then G9 has no module belonging to a stable tube of G , i G 1.A Bi
 .Further, all but finitely many t -orbits in C are periodic 2.3 . Then thereA
is a connected component D of either C or C containing oriented cycles,l r
and there is an infinite sequence 1 F i - i - i - ??? such that, for each1 2 3
s G 1, the Auslander]Reiten quiver of B admits a stable tube T of ranki ss
greater or equal to 2 whose modules all belong to D. By duality, we may
assume that D is a component of C . Then either D is a stable tube, if itl
w x w  .xcontains a periodic module 16 , or there exists, by 20, 2.3 , an infinite
sectional path
??? ª t 2 tX ª t t X ª ??? ª t t X ª t t X ª X ª ??? ª X ª XA 1 A s A 2 A 1 s 2 1
in D with t ) s, where at least one of the modules X is not stable, andj
 4where X , . . . , X is a complete set of representatives of t -orbits in D.1 s A
In both cases, there is an infinite sectional path
??? ª Z ª Z ª Z ) .3 2 1
in D such that every Z has exactly two direct predecessors respectively,i
.  .successors in C , and there are two integers p / q such that ) contains
infinitely many modules from T and infinitely many modules from T . Wep q
 .know that all but finitely many modules in T respectively, T are faithfulp q
 .B -modules respectively, B -modules . Hence there is a subpathi ip q
M s Z ª Z ª Z ª ??? ª Z ª Z ª ??? ª Z s N0 1 2 m mq1 l
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 .of ) such that M and N are faithful B -modules from T and Z is ai p mp
faithful B -module from T . Choose irreducible morphisms f : Z ª Z ,i q j jy1 jq w x1 F j F l, in mod A, and put g s f ??? f . Then, by 17 , we get thatl 1
l . lq1 .g g rad M, N _ rad M, N . Hence, if some Z is a B -module, thenj i p
it belongs to T . Therefore we may assume that the modules Z , . . . , Zp 1 ly1
do not belong to T . We claim that g is an irreducible morphism inp
mod B . Suppose this is not the case. Then, since T is generalizedi pp
standard in the Auslander]Reiten quiver of B , g is a sum of compositesi p
of irreducible morphisms between modules from T . But then g gp
lq1 .rad M, N because the above path in D from M to N is a shortest
one, a contradiction. This proves that g is irreducible in mod B, and hence
is either a monomorphism or an epimorphism.
Observe that g factors through the faithful B -module Z , and conse-i mq
quently I is contained in I , because ann M s I s ann N and ann Zi i i mq p p
s I . Therefore we get a contradiction as required, and this finishes ouri q
proof.
5.6. We have the following consequences of Theorem 5.5.
 ` ..3COROLLARY. Let A be an artin algebra with rad mod A s 0. Then
there is a finite number of tame concealed factor algebras B , . . . , B of A such1 r
that, if T is a stable tube of G , then T is a component of some G ,A Bi
1 F i F r.
Proof. We know that if T is a stable tube of G , then B s Arann T isA
a tame concealed algebra, and clearly T is a component of G .B
 ` ..35.7. COROLLARY. Let A be an artin algebra with rad mod A s 0.
Then almost all connected components of G are stable tubes of rank one.A
5.8. COROLLARY. Let A be a finite dimensional algebra o¨er an alge-
 ` ..3braically closed field such that rad mod A s 0. Then A is domestic.
 ` ..3 w  .xProof. Since rad mod A s 0, by 18, 1.7 , we infer that A is tame.
w xThen, by 12, Corollary F , for any dimension d, all but a finite number of
isomorphism classes of indecomposable A-modules of dimension d lie in
stable tubes of rank 1. From the above corollary we know that the stable
tubes of G belong to a finite number of tubular families given by tameA
concealed algebras. Therefore A is domestic.
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